We show that the definition of global hyperbolicity in terms of the compactness of the causal diamonds and non-total imprisonment can be extended to spacetimes with continuous metrics, while retaining all of the equivalences to other notions of global hyperbolicity. In fact, global hyperbolicity is equivalent to the compactness of the space of causal curves and to the existence of a Cauchy hypersurface. Furthermore, global hyperbolicity implies causal simplicity, stable causality and the existence of maximal curves connecting any two causally related points.
Introduction
Global hyperbolicity is the strongest commonly used causality condition in general relativity. It ensures well-posedness of the Cauchy problem for the wave equation ([2, Theorem 3.2.11, p. 84ff.] ), globally hyperbolic spacetimes are the class of spacetimes used in the initial value formulation of Einstein's equations ([41, Theorem 16.6, p. 177ff.] ) and it plays an important role in the singularity theorems ([37, Theorem 14.55A, p. 431ff. and Theorem 14.61, p. 436f.] ). These examples emphasize the importance of this notion in Lorentzian geometry and, in particular, in the theory of general relativity.
Classically (i.e., with C 2 -metric), there are four equivalent notions of global hyperbolicity. These are (cf. [35, Subsection 3.11, p. 340ff.] ): 1. compactness of the causal diamonds and (strong) causality, 2. compactness of the space of causal curves connecting two points and causality, 3. existence of a Cauchy hypersurface, 4. the metric splitting of the spacetime (cf. [4, 5] ).
General relativity as a geometric theory has been developed for metrics which are smooth (but for all practical purposes C 2 is enough, see e.g., [9, 35] ), but the PDE point-of-view demands lower regularity in general. In fact, even the standard local existence result for the vacuum Einstein equations ([40] ) assumes the metric to be of Sobolev-regularity H s loc (with s > 5 2 ). Furthermore, in recent years the regularity of the metric has been lowered even more (e.g., [21] ). The critical regularity class, where many aspects of causality theory work as in the smooth case is C 1,1 ([8,23,24,33] ). Below C 1,1 the geodesic equations need not be uniquely solvable ([20] ) and so the exponential map cannot be used to locally transport notions from the tangent space to the manifold, which is an indispensable tool in semi-Riemannian geometry.
Not only the PDE point-of-view demands low regularity, also, physically relevant models of spacetimes impose certain restrictions on the regularity of the metric. In particular, modeling different types of matter in a spacetime might lead to a discontinuous energy-momentum tensor, and hence by the Einstein equations to metrics of regularity below C 2 ([26,34] ). Prominent examples are spacetimes which model the inside and outside of a star or shock waves. There are even less regular, physically interesting models like spacetimes with conical singularities and cosmic strings ([44,45] ), (impulsive) gravitational waves ([22,38,42] , especially [27, 39] , where the Lipschitz continuous form of the metric is used) and ultrarelativistic black holes (e.g., [1] ).
Motivated by providing some tools for studying the Cauchy problem in low regularity ([10] ), Chruściel and Grant [8] developed causality theory for spacetimes with continuous metrics. They showed how to approximate continuous metrics by smooth ones while retaining a control of the causality properties of the approximating metrics. Using these methods they proved that domains of dependence are globally hyperbolic and admit smooth time functions, for example. Moreover, some properties cease to hold (as one would expect from the classical Riemannian examples by Hartman and Wintner [20] ), e.g., the push-up principle is not valid anymore and lightcones could "bubble up" (i.e., they are not hypersurfaces).
There have been several approaches to global hyperbolicity for nonsmooth metrics. The approach of Clarke [11] advocated the view that singularities should not be understood as the obstruction to extend geodesics but as obstructions to the evolution of physical fields. Vickers and Wilson [45] showed that spacetimes with conical singularities and cosmic strings are globally hyperbolic in this sense.
Sorkin and Woolgar [43] used order-theoretic methods to define and investigate the notion of K-causality, which is the smallest relation containing the usual timelike relation I ± that is transitive and closed. Based on this relation, they define a notion of global hyperbolicity in terms of the compactness of the K-causal diamonds. Moreover, their concept of global hyperbolicity agrees with the usual notion for metrics that are C 2 . Fathi and Siconolfi [15] investigated the existence of smooth time functions in the setting of cone structures. These are families of certain closed, convex cones in the tangent spaces of a manifold, which may but need not arise from the (forward) lightcones of a Lorentzian metric. Then they establish a notion of global hyperbolicity which assumes compactness of the causal diamonds and stable causality (this is stronger than the usual definition for
